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Using the new global embedding approach and analytical continuation method of wave function we
discuss Hawking radiation of acoustic black holes. Unruh–Hawking temperature of the acoustic black hole
is derived. The corresponding relation between these methods calculating Hawking radiation of acoustic
black hole is established. The calculation result shows that the contributions of chemical potential to the
ingoing wave and the outgoing wave are the same.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
The Hawking radiation of black hole is one of the most in-
teresting effects which arises from the combination of quantum
mechanics and general relativity. It is a quantum effect of gravity,
therefore it is quite important to understand the Hawking radia-
tion of black hole in order to have a consistent quantum theory
of gravity. As a result, understanding the Hawking radiation is a
subject of long interest [1–13]. Unfortunately, it is quite diﬃcult to
observe the Hawking radiation of astronomical black holes because
the Hawking temperature is quite lower than cosmic microwave
background; at the moment, any experiments cannot reach such
low temperature. For example, for a Schwarzschild black hole with
the same order of magnitude compared with solar mass, its ra-
diation temperature is just 10−7 K. Therefore, in the laboratory
Hawking effect is investigated by simulated black holes.
In 1981, Unruh [14] put forward the concept of acoustic black
hole and pointed out that Hawking radiation of acoustic black hole
might be observed in the lab. Acoustic black holes possess many
of the fundamental properties of the black holes of general rela-
tivity and have been extensively studied in the literature [14–19].
The connection between black hole physics and the theory of su-
personic acoustic ﬂow was established in 1981 by Unruh [14] and
has been developed to investigate the Hawking radiation and other
phenomena for understanding quantum gravity.
Hawking radiation and thermodynamics associated with black
hole have given us the most profound insights about the quan-
tum gravity. In order to understand the physical mechanism of
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Open access under CC BY license.Hawking radiation, Unruh has proved that in Minkowski spacetime
when the quantum ﬁeld is in a general vacuum state an observer
with a straight uniform acceleration will see a thermal state with
temperature that is in direct proportion to its internal acceleration
T = a/2π , where a is the acceleration of the observer [20–22].
Deser and Levin in Refs. [23–25] have investigated the intrinsic
relation between Hawking effect and Unruh effect by the so-called
global embedding approach, not only in asymptotically ﬂat space-
times, but also in asymptotically (anti-)de Sitter spacetimes. Fur-
ther investigations on Hawking radiation and Unruh effect have
been made in [26–34]. Recently, by dimensional reduction to a
2-dimensional spacetime, Banerjee and Majhi [35] have discussed
Hawking–Unruh temperature of a 4-dimensional Kerr–Newman
spacetime and they have reached a correct result. A uniﬁed pic-
ture of Hawking effect and Unruh effect was established by the
global embedding of a curved spacetime into a higher dimensional
ﬂat space [25]. Subsequently, this uniﬁed approach to determine
the Hawking temperature using the Unruh effect was applied to
several black hole spacetimes [26–35].
Since the Hawking radiation showed by Unruh [14] is a purely
kinematic effect of quantum ﬁeld theory, we can study the Hawk-
ing radiation process in completely different physical systems. For
example, acoustic horizons are regions where a moving ﬂuid ex-
ceeds the local sound speed through a spherical surface and pos-
sesses many of the properties associated with the event horizons
of general relativity. In particular, the acoustic Hawking radiation
when quantized appears as ﬂux of thermal phonons emitted from
the horizon at a temperature proportional to its surface grav-
ity [36].
This Letter discusses the Hawking radiation of acoustic black
hole by two different methods. One is the reduced global embed-
ding approach, and the other is the analytical continuation method
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nized as follows. In Section 2 by dimensional reduction, we obtain
a 2-dimensional metric of the acoustic black hole, then by the
global embedding approach we discuss the Unruh–Hawking effect
of acoustic black hole. In Section 3 we take the analytical continu-
ation method of studying Hawking radiation of gravity black hole
[6,37]. We consider the Klein–Gordon equation in the background
of acoustic black hole and derive the wave equation near the hori-
zon of acoustic black hole. Then by calculating the tunneling prob-
ability of particle, we derive the Hawking radiation temperature of
acoustic black hole. In Section 4 we give conclusions and discus-
sions.
2. Dimensional reduction near the horizon and global
embedding approach
In this section, we ﬁrst reduce the acoustic black hole to
a 2-dimensional metric following the technique developed in
[38–43]. The acoustic black hole with Lorentz symmetry breaking
in a plane with polar coordinates, up to an irrelevant position-
independent factor, in non-relativistic limit is given [44]
ds2 = − (c
2 − β˜−v2)
β˜+
dt2 − 2(vr dr + vφr dϕ)dt
+ β˜+
β˜−
(
dr2 + r2 dϕ2), (1)
where
v = A
r
rˆ + B
r
ϕˆ. (2)
By the transformations of the time and the azimuthal angle coor-
dinates
dτ = dt + β˜+Ar dr
cr2 − β˜−A2
, (3)
dφ = dϕ + Bβ˜−Ar dr
r(cr2 − β˜−A2)
. (4)
The acoustic black hole metric becomes [36]
ds2 = β˜+
β˜−
[
− β˜−
β˜2+
(
1− β˜−(A
2 + B2)
c2r2
)
dt2
+
(
1− β˜−A
2
c2r2
)−1
dr − 2β˜−B
β˜+c
dφ dt + r2 dφ2
]
, (5)
where A, B and β are real constants, β˜± = 1± β , where c =
√
dh
dρ
is the velocity of sound.
The radius of the ergosphere is given by g00(re) = 0, whereas
the horizon is given by the coordinate singularity grr(rh) = 0, that
is
re =
√
r2h +
β˜−B2
c2
, rh = β˜
1/2
− |A|
c
. (6)
For simplicity, we consider the action for a massless scalar ﬁeld
Sfree =
∫
d3x
√−ggμν∂μϕ∗∂νϕ. (7)
Substituting (5) to (7), we obtainSfree =
∫
dt dr dφ√
β˜+
ϕ∗ β˜+
β˜−
[
β˜2+
β˜−
r F−1(r)∂2t − ∂r
[
r
(
1− r
2
h
r2
)]
∂r
− F
−1(r)
r
(
1− r
2
e
r2
)
∂2φ+2
β˜+B
cr
F−1(r)∂2tφ
]
ϕ (8)
where F (r) = [1− r2h
r2
]. We now introduce the tortoise coordi-
nate r∗ by using the following equation
dr∗
dr
= 1
F (r)
, F (r) = 1− r
2
h
r2
. (9)
Integrating (9), we have
r∗ = r +
√
β˜−|A|
2c
ln
( rc −√β˜−|A|
rc +
√
β˜−|A|
)
. (10)
The action (8) then can be rewritten as
Sfree =
∫
dt dr∗ dφ√
β˜+
ϕ∗ β˜+
β˜−
[
β˜2+
β˜−
r∂2t − ∂r∗r∂r∗
− 1
r
(
1− r
2
e
r2
)
∂2φ+2
β˜+B
cr
∂2tφ
]
ϕ. (11)
Considering the symmetry of the acoustic black hole (5), suppose
the wave function has the form
ϕ = eimφϕr(r, τ ). (12)
Now we consider this action in the region near the horizon. Since
F (rh) = 0 at r → rh , we only retain dominant terms in (11). We
thus obtain
Sfree = −
∫
dt dr√
β˜+
rϕ∗r
β˜2
β˜
3/2
−
[
− 1
F (r)
β˜√
β˜−
(
∂t + imβ˜−B
cr2β˜+
)2
+ ∂r
(√
β˜−
β˜+
F (r)
)
∂r
]
ϕr . (13)
From (13), we ﬁnd that ϕ can be considered as a (1 + 1)-
dimensional complex scalar ﬁeld in the backgrounds of the dila-
ton Φ , metric gμν and U (1) gauge ﬁelds Aμ with
Φ = r
(
β˜+
β˜−
)3/2
, gtt = −
√
β˜−
β˜+
F (r),
grr = β˜+√
β˜−F (r)
, grt = 0, At = − β˜−B
cr2β˜+
, Ar = 0.
(14)
From (13), we ﬁnd that the 3-dimensional rotating acoustic black
hole metric (5) behaves as 2-dimensional metric in the region near
the horizon
ds2 = − f (r)dt2 + 1
f (r)
dr2, (15)
where f (r) =
√
β˜−
β˜+
F (r). Like black holes in general relativity, we
can obtain Hawking temperature of the acoustic black hole by cal-
culating surface gravity at black hole horizon. For the metric (15),
the surface gravity is found to be
κ = 1
2
√
β˜−
˜ F
′(r)|r=rh =
√
β˜−
˜ =
c
˜ . (16)β+ β+rh β+|A|
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Th = κ2π =
√
β˜−
2πβ˜+rh
. (17)
Now we calculate Unruh temperature of an observer to ﬁnd
out the Hawking temperature (17) by the global embedding near
the horizon effective 2-dimensional metric to a 3-dimensional ﬂat
spacetime. Note that the 2-dimensional metric (15) can be globally
embedded in a ﬂat 3-dimensional spacetime as
ds2 = −(dz0)2 + (dz1)2 + (dz2)2, (18)
where
z0 = 2
f ′(rh)
f 1/2(r) sinh
(
f ′(rh)t/2
)
,
z1 = 2
f ′(rh)
f 1/2(r) cosh
(
f ′(rh)t/2
)
, (19)
z2 =
√
β˜+
β˜
1/4
−
∫
dr
(
1+ rh
r
+ rh
r + rh
)1/2
, (20)
where rh is the horizon location of the black hole satisfying the
equation f (rh) = 0. Note that the coordinates (19) and (20) are
valid outside the horizon, in fact, corresponding coordinates inside
the horizon can be also obtained.
Hawking temperature detector moving in the curved space out-
side the event horizon on a constant r surface, maps to the Unruh
detector on the constant z2 surface [35]. The trajectory of the Un-
ruh detector is given by
(
z1out
)2 − (z0out)2 = 4[ f ′(rh)]2 f (r) =
1
a˜2
, (21)
leading to the Unruh temperature
T = a˜
2π
= f
′(rh)
4π
f −1/2(r). (22)
Hawking radiation temperature of the rotating acoustic black
hole Th satisﬁes [45]
Th =
√
f (r)T = f
′(rh)
4π
. (23)
From (19), we can derive
−(dz0)2 + (dz1)2
= − f (r)dt2 +
[
f ′(r)
f ′(rh)
]2 dr2
f (r)
= − f (r)dt2 + dr
2
f (r)
−
[
1−
(
f ′(r)
f ′(rh)
)2] dr2
f (r)
. (24)
3. Solution of Klein–Gordon near the horizon and analytical
continuation method
In a curved spacetime Klein–Gordon equation is
1√−g
∂
∂xμ
(√−ggμν ∂
∂xν
)
Φ = 0. (25)
We can make a separation of variables
Φ(t, r,ϕ) = R(r)
1/2
e−iωteimϕ. (26)
rSubstituting (5) into (25), we can obtain radial part[
β˜2+
β˜−
ω2 − 2β˜+Bmω
cr2
− m
2
r2
(
1− r
2
e
r2
)]
R(r)
r1/2
+ 1
r
(
1− r
2
h
r2
)
d
dr
[
r
(
1− r
2
h
r
)
d
dr
]
R(r)
r1/2
= 0. (27)
Tortoise coordinate
dr∗
dr
= 1
f (r)
. (28)
(27) can be reduced to
d2R(r)
dr2∗
+
[
ω2 − 2β˜−B+mω
β˜+cr2
− β˜
2−
β˜2+
m2
r2
(
1− r
2
e
r2
)
+ β˜
2−
2r2β˜2+
(
1− r
2
h
r2
)
U (r)
]
R(r) = 0, (29)
where
U (r) = 1
2
(
1− r
2
h
r2
)
− 2 r
2
h
r2
.
Near the horizon of rotating acoustic black hole, that is r → rh ,
(28) can be rewritten as
d2R(r)
dr2∗
+ (ω −mΩ)2R(r) = 0, (30)
and (30) can be rewritten as
d2R(r)
dr2∗
+ (ω − ω0)2R(r) = 0, (31)
where ω0 = mΩ , Ω = β˜−Bcr2h β˜+ =
Bc
A2
is the angular velocity of the
acoustic black hole. The solutions of (31) are
R = e±i(ω−ω0)r∗ . (32)
After considering the time factor, radial wave function is
Ψ = e−iωt±i(ω−ω0)r∗ , (33)
where + (−) denoted wave functions moving to right and left re-
spectively [46].
Letting rˆ = ω−ω0ω r∗ , we divide the solutions of (33) into two
parts(
Ψ (R)
)
in = e−iωuin;
(
Ψ (L)
)
in = e−iωvin ,(
Ψ (R)
)
out = e−iωuout ;
(
Ψ (L)
)
out = e−iωvout . (34)
The subscripts “in” and “out” respectively denote wave functions
of inner and outer horizon. Ψ (R)(u) and Ψ (L)(v) respectively rep-
resent outgoing wave and ingoing wave
u = t − rˆ, v = t + rˆ. (35)
From (15), near the horizon spacetime (5) can be represented by
2-dimensional spacetime. At Kruskal coordinate system, time coor-
dinate (T ) and spacetime coordinate (X) are deﬁned as [47,48]
Tout = eκ(r∗)out sinh(κtout);
Xout = eκ(r∗)out cosh(κtout), r > rh,
Tin = eκ(r∗)in cosh(κtin);
Xin = eκ(r∗)in sinh(κtin), r < rh, (36)
where κ = f ′(rh) .2
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tin → tout − i π2κ ; (r∗)in → (r∗)out + i
π
2κ
. (37)
We have Tin → Tout , Xin → Xout . So based on (36) and (37), we
obtain
uin = tin − rˆin → tout − i π2κ −
ω − ω0
ω
(r∗)out − iω − ω0
ω
π
2κ
= uout − i
[
1+ ω − ω0
ω
]
π
2κ
,
vin = tin + rˆin → tout − i π2κ +
ω − ω0
ω
(r∗)out + iω − ω0
ω
π
2κ
= vout − i
[
1− ω − ω0
ω
]
π
2κ
. (38)
The relation between the outgoing wave and ingoing wave is(
Ψ (R)
)
in → e−π(ω+(ω−ω0))/2κ
(
Ψ (R)
)
out,(
Ψ (L)
)
in → e−π(ω−(ω−ω0))/2κ
(
Ψ (L)
)
out. (39)
We can derive the scattering rate of ingoing wave on r = rh horizon
surface
Γ (L) =
∣∣∣∣Ψ
(L)
in
Ψ
(L)
out
∣∣∣∣
2
= eπ(ω−(ω−ω0))/κ , (40)
and tunneling probability of outgoing wave on r = rh horizon sur-
face
Γ (R) =
∣∣∣∣Ψ
(R)
out
Ψ
(R)
in
∣∣∣∣
2
= e−π(ω+(ω−ω0))/κ . (41)
Based on (40) and (41), we can obtain the tunneling probability
that acoustic black hole horizon to wave function
Γ = Γ (R)Γ (L) = e−2π(ω−ω0)/κ . (42)
Hawking radiation temperature of acoustic black hole
Th = κ2π =
√
β˜−
2πβ˜+
1
rh
= c
2πβ˜+|A|
. (43)
4. Discussion and conclusion
There are many methods to calculate Hawking radiation. And
every method has merits and shortages. In this Letter, using the
new global embedding approach and the analytical continuation
method that have been used to discuss Hawking radiation of grav-
itational black hole, we investigate Unruh–Hawking temperature of
acoustic black hole.
The application of global embedding approach will promote
comprehensive understanding of acoustic black hole. Comparing
with other methods, we only need to investigate the properties of
(1+1)-dimensional spacetime near the horizon when we calculate
Unruh–Hawking temperature by the global embedding approach.
So the calculation is relatively simple. It provides a theoretical ba-
sis for research on Unruh–Hawking temperature of acoustic black
hole.
The analytical continuation method for studying Hawking radi-
ation of gravitational black hole [6,36] derived Hawking radiation
temperature by comparing the outgoing wave with the ingoing
wave of the black hole horizon. In the calculation, there is not
the integral about r. The two methods adopted in this Letter can
avoid the two puzzling problems caused by the tunneling methodproposed by Parikh and Wilczek [13]. The one problem is that
the tunneling method have used the following relation between
the tunneling rate and the imaginary part of action obtained by
Wentzel–Kramers–Brillouin (WKB) approximate calculation
Γ ∼ e−2ImS .
But upper limit r f and lower limit ri of the integral about r are
not “turning point” of potential function in WKB. The other prob-
lem is that in the tunneling method potential barrier is determined
by the energy of particles, however the relation between potential
barrier and the energy of particles is not provided in the calcula-
tion.
From (40), when ω0 = 0, because the ingoing pattern is the par-
ticles moving to the left, after particles come into the black hole,
they will lose causal contact with the outside of horizon, the in-
going pattern will be ignored when the black hole radiation is
discussed [36,49,50]. However, based on (40), the term which is
similar to chemical potential in radiation spectrum cannot be ig-
nored in the ingoing pattern. And from (40) and (41), in outgoing
patter the term which is similar to chemical potential equals the
one in ingoing patter. Their contributions on radiation spectrum
are the same.
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